1 



A Scale Invariance due to Compositeness Condition in the Induced 

Gauge Theory 

Akira Akabane*) and Keiichi Akama**) 

Department of Physics, Saitama Medical College, Kawakado, Moroyama, Saitama, 
^ . 350-04, Japan 

, (Received ) 

' The scale invariance of the coupling constant in the induced gauge theory due to its 

O ' compositeness condition is demonstrated in the renormalization group flow of the finite- 

ly , cutoff gauge theory at the leading order in 1/N, where A'' is the number of the matter 

. fermion species. 

m 

From theoretical points of view, the gauge fields can be dynamically induced 
as composite even without preparing them as fundamental objects. The idea of the 
J> ■ composite gauge bosons are applied to QED^\ hadron physics^-*, the electroweak 

theory QCD^)'^), induced gravity braneworld^^ the theory of hidden local 

symmetry^) etc. Some people observe that gauge structures emerge in connection 
■ with quantization on non-trivial sub-manifolds ^'^^ . Gauge fields are also induced 

associated with geometric (Berry) phases ^^-^ which appear in the optical, molecular, 
solid state, nuclear, cosmological and various physical systems ^■^^ " ^^-^ . 

In these models, we expect that the gauge fields become dynamical propagating 
fields through the quantum fluctuations of the matters. Unfortunately these models 
Q^' are not renormalizable. A powerful way to analyze such models is to rely on their 

1^ ■ equivalence to the ordinary gauge theory under the compositeness condition (CC), 

Z3 = , where is the wave- function renormalization constant of the gauge 
field. In recent years, Hattori and one of the present authors (K. A.) investigated 
^ ■ theoretical aspects of the CC, and observed a complementarity between gauge boson 

^ I compositeness and asymptotic freedom of the theory The renormalization group 

(RG) approaches provide important clues to investigate these model. In fact many 
people attempted to study and apply the method^''). Most of them, however, con- 
sidered the limit of the infinite momentum cutoff, which necessitates some additional 
assumptions, such as existence of fixed point and ladder approximation. Here, we 
take the momentum cutoff as a large but finite physical parameter, and make no 
further assumptions. In the previous paper, we analyzed the RG flow of the Yukawa 
model and the scale invariance of the coupling constants in the Nambu- Jona-Lasinio 
model In this letter, we show scale invariance of the coupling constant in the 
induced gauge theory due to its compositeness condition at the leading order in 
where is the number of the fermion species. We demonstrate it in the renormal- 
ization group flow of the finite-cutoff gauge theory which includes the induced gauge 



in 



o 



*' E-mail: akabane@saitama-med.ac.jp 
**•* E-mail: akama@saitama-med.ac.jp 



typeset using pTpJ^sty <ver.0.8> 



2 



Letters 



theory as a special case. 

We consider the induced (composite) gauge fields described by the Lagrangian 

Ccomp = ^{i ^~r- M)^ (1) 

where ^ = (^1,^2, • ' ' j ^n) are N fcrmions, M is the mass of ^. Classically is not 
an independent dynamical variable since it has no kinetic term. Its Euler equation, 
however, imposes a constraint, giving rise to interactions among ^, which supply the 
kinetic term of through their quantum fluctuations. Thus is interpreted as a 
quantum composite field. The form of the Lagrangian (1) is the common essential 
step in the various theories of the induced (composite) gauge field " . We want 
to show that the coupling constant g is independent of the scale. 

In order to see it, we consider the Abelian gauge theory for the gauge boson 
and A'' matter fermions = {ip^, ip2, ■ ■ ■ > V'w^) with the following Lagrangian 

Cg = -\{d,Al - a,^0)2 + V^(i ^ - 50 4° - ^o)V'° (2) 

where mg is the bare mass of il)^ ^ and is the bare coupling constant. We adopt the 
dimensional regularization where we consider everything in d{= 4 — 2e) dimensional 
spacetime with small but non- vanishing e. By them we are not considering "the 
theory at the d{= 4 — 2e)", but that at c? = 4 with the momentum cutoff described 
by the scheme. The parameter e roughly corresponds to 1/ log A with the momentum 
cutoff A. To absorb the divergences of the quantum loop diagrams due to (2), we 
renormalize the fields, the mass, and the coupling constants as 

= V^ip, ^° = V^Af,, Z2ml = Z^w?, Z2\/zlgQ = Zigfi", (3) 

where ip, A^^, m, and g are the renormalized fields, mass, and coupling constants, 
respectively, Zi, Z2, Z^, and Z^ are the renormalization constants, and /x is a mass 
scale parameter to make g dimensionless. Then the Lagrangian jCq becomes 

>Cg = —Zsidi^A^ - d^A^f + Z2^i + Zlg^fi^ + Zmm^i>. (4) 

As the renormalization condition, we adopt the minimal subtraction scheme, where, 
as the divergent part to be absorbed into in the renormalization constants, we retain 
all the negative power terms in the Laurent series in e of the divergent (sub) diagrams. 
Then the parameter jjl is interpreted as the renormalization scale. Since the coupling 
constants are dimensionless, the renormalization constants depend on /x only through 
g, but do not explicitly depend on ^. 

We can see that the Lagrangian (4) coincides with the Lagrangian (1) if 

^3 = 0, Zi^O, (5) 

The condition (5) is the "compositeness condition" (CC) "^^^ which imposes relations 
among the coupling constant g, the mass m, and the cutoff parameter e in the gauge 
theory so that it reduces to the induced (composite) gauge theory. The perturbative 
calculation shows that 5— >^Oas£— >^Oat each order, and the theory becomes trivial 
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free theory. Therefore we fix the cutoff A = jie^^^ at some finite value. We can read 
off from (1) and (4) that the fields and masses should be connected by the relations 

•Z^=V^V, V^, = ^^^A^, Z2M = Zmm. (6) 

In terms of the bare parameters the CC (5) corresponds to the limit 

50 oo. (7) 

This behaviors may look singular at first sight, but they are of no harm because they 
are unobservable bare quantities. 

Let us consider RG equation in the gauge theory with special cares on the finite 
cutoff. In our case, it amounts to fix e = (4 — (i)/2 at some non- vanishing value. The 
beta functions and the anomalous dimensions are defined as 

^f^9) = l^^^. (8) 

(e) 1 d\nZ^ (.) 1 d\nZ^ 

lA^a) = 2/^^^ , 0, {9) = 2/^^^ , (9) 

where the differentiation d/d^i performed with qq and e fixed. Operating ^{d/dii) 
to the equations in (3) we obtain 



gj = 0, (10) 



where J = Zi/{Z2y/Z^). Comparing the residues of the poles at e = 0, we obtain 

(5f = -eg + gV,h (11) 

where V = g{d/dg), and Ji is the residue of the simple pole of J. On the other hand 
the anomalous dimensions are given by 

7g = —-DZs,!, = -\VZ,,,, (12) 

where Z'^ i and ^2,1 are the residues of the simple poles of Z^ and Z2, respectively. 

We can read off from (11) and (12) that (3^'^ depends on the cutoff only through the 
first terms —eg of the expression, while 7*^^) 's are independent of e. We should be 
careful not to neglect the cutoff dependence of I3^\ 

The CC Z3 = (eq.(5)) with (14) connects the terms with different order in the 
coupling constants. Accordingly, the expansion in the coupling constants fails in the 
case of the induced gauge theory. Therefore we instead adopt the 1/N expansion by 
assigning 

9^ ~ 1/A^, (13) 

which does not mix the different orders in CC (5). Explicit calculations at the leading 
order in 1/iV show 

^^ = ^-12^' ^1 = ^2 = 1. (14) 
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Applying (13) and (14) to (11) and (12), we get, at the leading order in 1/A^, 



Pi'' 



-eg + 



127r2' 



Ta' 



127r2 ' 



0. 



(15) 



The RG equation with the functions in (15) determine the flow of the various quan- 
tities with the increasing scale fj,. 

The RG equations for the coupling constant g are given by (8) with (15), and 
are solved as 



1 



N 



2e 



(16) 



where the integration constant has been determined in accordance with (3). We can 
confirm the results by deriving (16) directly from (3) with (14). In fact the RG flow 
of coupling constant is entirely determined by (3). In the infinite cutoff limit e — > 0, 
(16) becomes 



1 



iVln^^ 
12^2 



(17) 



with a = N/lGir'^e + 1/g^ kept fixed. 

Let us consider the properties of the induced gauge theory in the RG fiow of 
the cutoff gauge theory. In the limit of induced gauge theory (7), the solution (16) 
reduces to 



127r2£ 

N 



2 

S'comp ' 



(18) 



This can also be derived by directly solving the compositeness condition Z3 = in (5) 
with (14). The coupling constant (18) for the induced gauge theory is independent 
of the scale parameter /x. Namely, the induced gauge theory is at the fixed point 
(18) in the RG fiow of the cutoff gauge theory. 




Fig. 1. The RG flow of vs n at (a) finite cutoff and (b) infinite cutoff. 



Fig. 1 shows the /^-dependence of g^ for various values of g^, (a) at finite cutoff 
e = 0.1, and (b) at the infinite cutoff limit e = 0. The number of the fermion species 
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N is typically taken as 10. If > 0, then < < (7comp) ^^'^ 9^ ~^ S'comp ~ 0) ^ 
II +0, while £/2 ^ +0 as /Lt ^ oo. If < and < /x < (-ATc/^/ievr^e) ^ 

?comp ^'^d 5^ — 5comp 



then 5^ > £,2^ and g^^^„ + 0, as /i ^ +0, while c/^ ^ oo as /i ^ /Xc - 0. If 



5q < and fi > then g^ < 0, and 5 —00 as jU ^ //c + 0, while 5 — *■ —0 as 
fi ^ 00. Thus the g'^ = g'^omp infrared fixed point, and g^ = is an ultraviolet 
fixed point. The region g^ < g^omp asymptotically free, though the region g^ < 
is unphysical because the Lagrangian is not hermitian. On the other hand, in the 
region g'^ > g'^omp' 9^ blows up at /x = iIq, though it should not be taken serious, 
because the expansion itself is no longer justified in the region where g'^ is large. In 
the infinite cutoff limit e ^ 0, the fixed point g^ = g^omp moves to and fuses with 
the other fixed point g^ = 0. Accordingly the physical asymptotic-freedom region 
< g^ < 5comp disappears, leaving only the region where the coupling constant 
blows up. 

Thus the induced gauge theory is at a fixed point in the RG flow of the cutoff 
gauge theory. The coupling constant in the induced gauge theory is scale-invariant, 
and does not run with the scale parameter. Wc can trace back the reason of scale 
invariance to the fact that beta functions vanish due to the compositeness condition. 
In fact if we substitute the solution (18) of the compositeness condition, the beta 
function in (15) vanishes. It is further traced back to the fact that the scale invariance 
of the relation (3) in the limit (7). Thus the scale invariance is expected to hold not 
only at the leading order in 1/N, but also at higher order. We are planning to 
investigate it at the next-to-leading order. 
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